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VOJTA’S REFINEMENT OF THE SUBSPACE THEOREM

WOLFGANG M. SCHMIDT

ABSTRACT. Vojta’s refinement of the Subspace Theorem says that given linearly
independent linear forms L;,..., L, in n variables with algebraic coeffi-
cients, there is a finite union U of proper subspaces of Q" , such that for any
¢ > 0 the points x € Z"\{0} with (1) |Li(x)---La(x)| < |x|7¢ lie in U,
with finitely many exceptions which will depend on ¢ . Put differently, if X(¢)
is the set of solutions of (1), if X(e) is its closure in the subspace topology
(whose closed sets are finite unions of subspaces) and if X’(¢) consists of com-
ponents of dimension > 1, then X’(¢) C U . In the present paper it is shown
that X’(¢) is in fact constant when ¢ lies outside a simply described finite set
of rational numbers.

More generally, let k be an algebraic number field and S a finite set
of absolute values of k containing the archimedean ones. For v € S let
LY, ..., Ly, be linear forms with coefficients in &, and for x € K"\{0} with

—4yi dv
height Hy(x) > 1 define ayi(x) by |LI(0l/Ixls = He(x) ™

where
the d, are the local degrees. The approximation set A4 consists of tuples
a={ay} (veS, 1 £iZ m) such that for every neighborhood O of a the
1_)oints x with {ay,{x)} € O are dense in the subspace topology. Then A isa
polyhed_ron whose vertices are rational points.

1. INTRODUCTION

In its simplest form, the Subspace Theorem [2, 3] says that if L;, ..., L,
are linearly independent linear forms in n variables with algebraic coefficients,
then for any ¢ > 0, the integer points x # 0 with

(1.1) ILi(x) - La(x)] < |x|7°

(where |x| is the maximum norm, say), lie in finitely many proper subspaces
of Q". In its simplest form, Vojta’s refinement [5] says that there are proper
subspaces T, ... , T; independent of ¢, such that the integer points with (1.1)
lie in the union of T, ... , T,, with the exception of finitely many points which
may depend on ¢.

More generally, let k C K be algebraic number fields. Let M (k) denote the
set of absolute values of k, normalized such that they extend the standard or
a p-adic absolute value of Q, so that for ¢ € k* we have the product formula
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Moemw lp|% = 1, where the d, are the local degrees of k over Q. Let S
be a finite subset of M (k) containing all the archimedean absolute values, and
suppose that for each v € S, the absolute value |-|, of k is extended in
some way to an absolute value of K. Further suppose that for each v € S,
we are given linearly independent linear forms LY, ..., LZ(’U) in n variables
with coefficients in K. (v in raised position will always mean a superscript,
not exponentiation.) For x € k"\0 put

(1.2) A @) =1L (Dl/Ixle  (veS, 12iZav)),
where |x|, is the maximum norm with respect to |- |, . Set
(1.3) f@ =TITIA @)*;

v

here and in the sequel, v will range through S, and i over 1 £i < a(v). For
X € k™0, let Hi(x) be the multiplicative field height, as defined, e.g., in [4,
§VIIL.5]. A more general version of the Subspace Theorem due to Schlickewei
[1], which is easily seen to contain the assertion stated at the beginning, says
that for any ¢ > 0 the points x € k"\Q with

(L.4) 0 < f(x) < H(x)™""

lie in finitely many proper subspaces of k" . (We could have allowed f(x) =0,
since such points lie in finitely many proper subspaces, but in what follows it
will be more convenient to neglect such points.) Again there is a refinement
due to Vojta. It says that the solutions of (1.4) lie in the union of finitely many
proper subspaces T, ... , T; of k" independent of ¢, and a finite number of
1-dimensional subspaces which may depend on ¢.

The subspace topology of k"\Q is the topology whose closed sets are the
finite unions of sets 7\0, where T is a subspace. (It is a linear analogue of
the Zariski topology.) Thus the closure of a single point x € k™0 is T\0Q,
where T is the 1-dimensional subspace spanned by X. A subset of k"\g s
dense if it has nonempty intersection with any nonempty open subset, and this
means precisely that it is not contained in a finite union of proper subspaces.
The Subspace Theorem says that the solutions of (1.4) do not lie dense. Put
differently, if X(n+c¢) is the set of solutions of (1.4) and X(n+¢) is its closure,
then X(n+e)# k"\0.

The A}, f and H) are invariant under replacing x by ¢x when ¢ € k*.
Therefore (1.4) may be interpreted as a relation involving a point of projective
space P"~!(k). There is an obvious subspace topology on P"~!(k). Neverthe-
less, it will be more convenient to deal with k”\Q rather than P"~!(k).

Every nonempty closed set X may be written as a finite union of subspaces:
X =UZ, T; . (We ignore, for convenience, the fact that 0 should be removed.)
This union is unique if we ask for T; ¢ T, if [ # q. The T; are the compo-
nents of X. Let X’ be the union of components of dimension > 1. Vojta’s
Theorem says that

(1.5) X'(n+e)cY,

where Y is a closed proper subset of k", independent of ¢. (Again, more
precisely, we should take k"\0.) In fact Vojta constructs Y to be independent
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of §, so that it depends on the set of linear forms LY, but it does not matter
to which absolute values they belong.

Again let S and linear forms L! be given (v € S, 1 £ i £ a(v)). We
suppose the forms L} to be nonzero and to have coefficients in K , but we now
do not make any linear independence assumption. Let f(x) be as above, and
X(p) the set of points x € k"\Q with

(1.6) 0< f(x) < Hi(x) ™
Write s = cardS and

a= ;a(v), a" = maxa(v).
Let R be the finite set of rational numbers p with 0 £ p £ na* and with
denominator

(1.7) < (nVs)°.

Theorem 1. For p in any interval disjoint from R, the set X'(p) is constant.
For p ¢ R, the set X'(p) has at most

(1.8) (ns)*’
components.

There is an ¢ such that n+¢ ¢ R for 0 < & < 2¢g, so that X'(n +¢) =
X'(n+¢g) for ¢ in this range. Since X (n+¢) can only decrease as ¢ increases,
(1.5) is true with Y = X'(n + &), which is # k" by the Subspace Theorem if
Ly,..., Lg(v) are linearly independent for v € §. Thus the main assertion of
Vojta follows.

For n=1, X'(p) = @, and the theorem is trivial. For n =2, X'(p) is @
or k?. Since it cannot increase with p, there is an r such that X’(p) = k2 for
p<r,and X'(p) =@ for p>r. By the theorem, 0 < r < 2a*.

Theorem 1'. (i) When n=2, reZ.

(i1) Suppose n = 3, each a(v) =3, and L}, L}, L} are linearly independent.
Then for ¢ > 0, the set X'(3 + €) has at most 3 components when s = 1, 3s
components if no form LY has a zero in k3\g ,and 9(3) components in general
when s > 1. These bounds are best possible.

The question of dependency of X’(p) on S and on the fields k, K will be
taken up in §8. What we do not seem to be able to do, in contrast to Vojta, is
to construct Y by a finite process of taking conjugates, intersections and joins
of the subspaces L} =0.

2. THE APPROXIMATION POLYHEDRON

We will assume from now on that » > 1. Let S be as above, and for

vesSletLy,..., Lg(v) be nonzero linear forms with coefficients in K, and
let A7, ... ,lg(v) be given by (1.2). Let £ be the set of points x € k" with
H;(x) < e or with LY(x) =0 for some v, i. Thus £ is the union of a finite
set of 1-dimensional subspaces, and at most a further proper subspaces of k”.

For x € k"\¢ put

(2.1) aj (x) = —dy(log 4} (x))/ log Hy(X).
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Let o(x) be the point in R? with components o} (x) (v €S, 1 £i<a(v)).

A point a = {aV} € R? will be called an approxzmatlon point ' if for every
open neighborhood O of o (where we use the standard topology of R4), the
points x € k"\£ with a(x x) € O are dense in k" . The approximation set A is
the set of all approximation points.

Lemma 1. The approximation set A is closed. If C C R is a compact set
disjoint from A, then the points x with a(x) € C are not dense.
Proof. Let B be in the closure of 4, and O any open neighborhood of §.

Then O contains a point a € A, and therefore points X with a(x) € O are
dense. Therefore B € A,and A is closed.

If C is as indicated and B € C, there is an open neighborhood O of B
such that the points x with a(x) € O are not dense. But C may be covered
by a finite number of such open sets O, ... , O;, and points X with a(x) in
the union of O, ... , Oy are not dense. N

Lemma 1 remains true under quite general assumptions. For instance, L?,

., LZ(v) for v € § may have coeflicients in the completion K, of K with
respect to v . In the situation of the present paper, where our linear forms have
coefficients in K , we will be able to prove much more.

We have 17(x) < ¢ (a constant independent of x ), therefore —d, logA}(x)
2 —c, and

(2.2) aj(x) 2 —c2/ log Hy(x) 2 —c2.

(We ignore points x € £, which are not dense.) Choose i = i(v) = i(v, x) in
1 £ i(v) £ a(v) for which (A}’(é))dv is minimal. By the Subspace Theorem,
IT, (ll(v)(x))dv > H;(x)™"~*, except for a set which is not dense. Therefore

(2.3) Z <l<%;§v)a (_)) <n+e,

except for a set which is not dense. We may conclude that 4 C R? is contained
in the compact set

(2.4) a?

1\Y]

v
0, Zv:<mlaxa,»)§n,
and therefore A itself is compact. From (2.2), (2.3) we gather that |a(x)| £ ¢3
for x outside some proper closed subset of k", where |-| is the maximum
norm on R?. Lemma 1 remains true for every closed set C, for a(x) € C
is the same as a(x) € Co, where (p is the intersection of C and the cube
la| £ cs3.
" By a convex polyhedron in R? we will understand a nonempty compact set
which is the intersection of a finite number of closed half-spaces, i.e., sets
g(a) = 0 where g is a linear form plus a constant. It is the convex hull of a
finite number of vertices. By a polyhedron we will understand a finite union of
convex polyhedra.
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Theorem 2. The approximation set A is a polyhedron contained in the set (2.4).
It is a finite union of convex polyhedra whose vertices have rational coordinates,
such that the components of each vertex o have a common denominator

(2.5) 9(a) < (nvs)".

Given an open set O intersecting A, given ¢ >0 and H > Hy (where Hy may
depend on all the data), there are n linearly independent points x;, ... , X, in
k"™\£ with

(2.6) a(x) €0 and H<H(x)<HY™ (I=1,...,n).

Theorem 2'. When n = 2, the vertices of A are integer points.

I like to call the last assertion of Theorem 2 the constancy principle, since it
asserts the existence of certain points of height about H , for all large values of
H . The approximation set A will from now on be called the approximation
polyhedron.

Corollary. Define r as the supremum of the numbers p with X(p) = k™. Then
reR. When n=2,then reZ, 0<r<2a*.

Proof. Let V(p) be the open half-space in R? given by
>l >0,
v

and let V(p) be its closure. Let r' be the largest number p such that V(p)
meets 4. We claim that

(2.7) r=r.

For x € k"\£, i.e., when f(x) > 0 and x lies outside the finitely many 1-
dimensional subspaces where Hk(x) < e, the condition (1.6) means that

(log f(x))/ log Hie(x) < —p.

This says precisely that a(x) € V(p), and implies that a(x) € V' (p). When

p >r,then V(p) does not meet 4, and the set of x with a(x) € V(p) is not
dense. When p < r/, the open half-space ¥ (p) does meet A4, and therefore
the points x € k"\£ w1th a(x) € V(p) lie dense in k" . Thus (2 7) is true.

It is clear that there is a vertex o of A (a vertex of one of the convex
polyhedra making up 4) with > Z o} = r. Since the coordinates of o have
a common denommator q(a) sansfylng (2.5), and in view of (2.4), indeed
r € ®. When r = 2, the extra conclusion, r € Z also follows. In particular
Theorem 1’ (i) follows.

The Corollary also follows from Theorems 1, 1’. However, we shall derive
Theorems 1, 1’ from Theorems 2, 2’ using ideas which went into the Corollary.

3. DEDUCTION OF THEOREM 1 FROM THEOREM 2

Suppose T is a subspace of k" of positive dimension. Then we can again
define a subspace topology on 7' (more precisely on 7°\0).
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Lemma 2. Let X C k"\Q, and let T be a component of X. Then T=TNX,
where it does not matter whether on the right-hand side we take the closure with
respect to the subspace topology on k™ oron T.

Proof. Initially let the bar denote closure with respect to the topology on k" .

Let Ty, ... , T; be the components of X , and let T/=T;nX (j=1,...,1).
Then X C U§=| T; C X, and U£-=1 T} is closed, so that in fact it equals X.
Now Tj’ C T, yields T;: Tj,sothat T, =T,nX (j=1,...,/),and in

particular T=TnX.

A subset of T is closed with respect to the topology of k" if and only if it
is a finite union of subspaces, therefore if and only if it is closed with respect
to the topology on 7. Whence the last assertion of the lemma.

Let T be a subspace of k" with dimT > 1 where none of the forms L!
vanish identically. We can look at the restrictions of our forms L} to T and
we can define 4 = A(T) and r = r(T) in terms of the subspace topology of T .
The following remark should be made here. Given a basis B = {b1,..., b}
of T, we may write x € T as X = y1bi +--- + y:b;, and the restriction of
LY to T becomes a linear form in y = (y1, ..., y,). We may set |x|os =
lylv = max(|y1]v, ... , |[¥i]v) , and we may define a height Hjg (x) accordingly.
However, it is easily seen that |x|y >< |x|us , in fact x|, = |x|us for all
but finitely many v € M(k), so that Hy(x) >< Hip(x). Since (in view of
dim T > 1)adenseseton T contains infinitely many nonproportional elements
X, it now follows that in the definition of A(T) and r(T), it does not matter
whether we use |x|,, Hi(x) or |x|ys, Hg(x) for any given basis B of T .

We will now derive Theorem 1 from Theorem 2. Let T be a component of
X'(p). By Lemma 2, the solutions of (1.6) with x € T are dense in T . This
implies that r(T) 2 p. Conversely, when -

(3.1) dm7 >1 and ~(T)>p,

then T C X’'(p). By the Corollary, r(T) € R. Therefore when p ¢ R, then
X'(p) is the union of the subspaces T with (3.1). It is constant when p ranges
through an interval disjoint from fR.

We still have to derive the bound (1.8) on the number of components. Sup-
pose p ¢ M. Every x has A}(x) < 1 and hence f(x) < 1, so that
X(p) = k™\£ when p < 0. We may therefore suppose that p > 0.

We had seen that X’(p) is the union of the subspaces 7 with (3.1). There-
fore the components of X’(p) are the subspaces with (3.1) which are maximal,
i.e., they are not properly contained in another subspace with (3.1).

Let T be such a component. Then r(T) > p, and there is a vertex a(7)
of A(T) with 3 % ,a? = r(T). The number of possibilities for g(f) is
finite: We have 0 £ o¥(T) £ n by (2.4). Given a common denominator ¢,
the number of possibilities for o(T) is therefore < (ng + 1)?, and summation

over g in 1 £ g £ (n/s)? gives
(3.2) < (n(ns)* +1)%(ns)® < (ns)*

possibilities. (We may suppose a > 1, since A(T) for a = 1 turns out to be
an interval, hence has two vertices.) The bound in (1.8) is then a consequence
of the following
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Lemma 3. If Ty, T, are components with o(T}) = a(T3), then Ty =T, .

Proof. We begin with a general remark. Let M (k), My(k) be the set of
archimedean and nonarchimedean absolute values, respectively. A point y is

called an integer point if |y|, < 1 for every v € Mp(k). If we have unique
factorization in k, then every point x € k"\Q is proportional to a point y
with |y|, =1 for every v € My(k). In general, the class number is finite, and
x is proportional to an integer point y with
H |£|gu >Cy,
vE€My(k)
where ¢; = ¢)(k) > 0. Then
Hy) s ] é < Hly).
T veMo(k) -

By multiplication with a suitable unit we get an integer point y # 0 having
o " HV <yl < oHe(p)'? (v € Mo (k)

where d = [k : Q]. Such a point will be called primitive; every x € k"\Q is
proportional to a primitive point. - B

Let T} be a component of X’(p) of dimension ¢;, and let a =
We see from the constancy principle of Theorem 2 that when 0 < ¢ <
H > H,, there are f; linearly independent points x€Ty, x ¢ £ with

la(x) —al <& and H < Hi(x) < H'**.

In fact there are primitive points with this property. Let x be such a point.
Then

(3.3) ;' HY < x|y < csH™/4 (v e S),
3 =

where we set A, = 1 when v € M, (k), and A, = 0 otherwise. Moreover,
when H is large,

ILY ()l = |X[oA? (X) = |x}oHi (x) ™D/ % < | x|y H (x) (@044
< H—(@}/d)+(Bu/d)+3e

ao(Ty).
1 and

(3.4)

Let T, T> be components of X'(p) with o(T}) = a(T2) = a. For H > Hy,
there will be #; = dim 7; independent integer points in T;\£ with (3.3), (3.4),
and similarly there will be ¢, = dim 7, such independent integer points in 7> .
Thus if dim (77 + T3) = ¢, there will be ¢ linearly independent integer points

X1, ..., % in T =Ty + T, with (3.3), (3.4). Consider points

(3.5) Z=u X+ UXy

where u;,... ,u; liein Z with 1 Su; S H® (j=1,...,t). These points
have

(3.6) |zly < caH®/D¥2 (v € §),

(3.7) ILY (2)]y < caH™ @@+ B/d)tde (y e § 1 <0< a(v)).
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We claim that a positive proportion of the points (3.5) has
(3.8) |zl > csHM/? (v €S).

Suppose u,, ... , u; are given. Since x | satisfies (3.3), we see that there is at

most one value u; € Z for which |z, < $c;'H"¥ when v € M (k). When
v € My(k) extends the p-adic absolute value, and m is natural, there is at
most one residue class of #; modulo p™ where |z|, < p~™c5 ' This proves
the claim.

Let Z be the set of points z of type (3.5) with (3.8). For z€ Z,

Ai(z) < coH (@l /dv)+4e
therefore
(3.9) f(z) <7 H—r+4dae ,

where r =r(T;) =r(T2) =), > ; o} . Recall that r > p > 0. Now (3.6) yields
Hi(z) < csH'*24¢ | 50 that (3.9) gives

f(z) < H=P(+34e) < | (£)=F

if ¢ is sufficiently small and H sufficiently large. The set Z contains a positive
proportion of the points (3.5), and therefore will not be contained in any given
finite collection of proper subspaces of 7 if H is sufficiently large. Therefore
points z with f(z) < H(z)™” are dense in T, so that r(T) 2 p, in fact
rnT) > p smce p ¢ R. Since Ty, T, were maximal with (3. 1) we have
h=T=

Remark. 1t might not be hard to prove A(T; + T>) D A(Ty) N A(T>), which
would imply the lemma.
4. THE MODIFIED APPROXIMATION POLYHEDRON
With the same hypotheses and the same notation as in §2, set
BY(x) = min(e}(x), ... , a¥(x))
for x € k"\£. Let B(x) € R® be the point with components B/(x). A
point B € R* will be called a modified approximation point if for every open

neighborhood O of B, the points x € k"\£ with B(x) € O are dense. The

modified approximation set B is the set of modified approximation points. A
point B € B has

(4.1) Bt 22 Byy 20 (vES),

where the last inequality follows like a? > 0 in (2.4). Also, just as in (2.4), we
get

(42) S BUsn

for € B. Just as in Lemma 1 we see that B is compact. Further if C C R?
is a closed set disjoint from B, the points x with B(x) € C are not dense.
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We will initially describe the modified approximation set under special hy-
potheses. In order to avoid confusion later on, we will introduce a different
notation to deal with this special case. For k C K, v € M(k) and a given
extension of |-|, from k to K, let k¥ be the completion of k in K with re-
spect to ||, . Thus kY consists of elements of K which are limits of elements
of k under |-|,. Then kK CkY C K, and k" is a field with [K : k¥] = 6, , the
local degree of K over k.

Suppose now that for each v € S we are given linearly independent linear
forms M7, ... Mg’(v) in n variables with coefficients in kY. In analogy to
(2.1) we put uj(x) = |[M7(x)lv/Ix|, . The analogues of of(x), a(x), B}(x),
B(x) will be denoted by aj(x), a(x), B\}?(_g_), _B_(é)- Here and below, v € S
and 1 £ j < b(v). The points a(x), E(é) lie in R?, where b = 3", b(v)
They are defined for x € k"\9M, where M consists of points X with Hy(x) <e

or with M}’(é) =0 for some v, j. Define /f, B in analogy to A4, B.

Linear forms in n variables with coefficients in k¥ form a vector space.
Let T} (v eS, 1< j< b)) be the space of linear forms spanned by
My, ..., M}, sothat T C T C - CTZ(U),and dim‘Ij? =j.

Let T be a subspace of k" of codimension ¢ > 0. Let T be the space
of linear forms vanishing on T'; then dim% = c. Put g(v) = dim(¥ N iz(v)) ,
so that g(v) £ min(c, b(v)). When g(v) > 0, let j;(v) be least with
dim(TNT] ) =1, then jp(v) least with dim (TN T w) =2, etc. We obtain
numbers 1 < jj(v) < j2(v) < -+ < jgw)(v) £ b(v). Let QU = QY(T) be the

set {j1(v), ..., Jew)(v)}. When g(v) =0, set Q" = @. In every case, QU(T)
is a subset of {1,..., b(v)}.
Let ®¥ = ®Y(T) be the complement of QV in {1,...,b(v)}. If M}’T

denotes the restriction of M} to T, then for given v the forms M}’T with
j € ®Y are linearly independent, and each M}’T is a linear combination of
these |®v| forms.

Theorem 3. The modified approximation set B of the forms M} is a convex
polyhedron. It is defined by

(4.3) Bl z 2By 20,

(4.4) B =0 forv with b(v) =

and

(4.5) Z Z /?}’ <codim T
v jeQU(T)

for every subspace T of k™. The constancy principle holds: Given an open set
OCR? intersecting B, given € >0 and H > H\, there are independent points
Xi,...,Xn €K™ with ﬁ(_)eO and H < Hi(x)) <H'™® (I=1,...,n).

Remarks. Although there are infinitely many subspaces T C k", they lead
to only finitely many different conditions (4.5) for . When T = k", each
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Q¥(T) = 2, and the empty sum in (4.5) is to be i/pterpreted as 0. There-
fore (4.5) with T = k" imposes no condition on f. When T = 0, then
Q'(T)={1, ..., b(v)}, and (4.5) becomes B

(4.6) DN HES)
v

This is stronger than (4.2), but recall that we have extra hypotheses, namely
that M7, ..., Mg’(v) are linearly independent and have coefficients in k¥ . It

is now clear that B is a convex polyhedron in R?.

Here and in §85, 6, 7, 8 we will derive consequences of Theorem 3. The
proof of Theorem 3 is postponed to the end, to §§9, 10, 11, 12.

Let LY, ..., Ly, be the linear forms we had at the beginning. Let {b}},

1S1<£4,, be abasis of K over kY. It is well known that for &;, ... ,&; in
kv,
(4.7) |E1by + - -+ + &5, bs, lv >< max(|Eyly, ..., |5, |v)-

We may write LY(x) uniquely as
Sy
LYx)=) Mjxb} (veS, 1Si<a(v)
I=1

where the M}, are linear forms with coefficients in k”. Let U} where 1 <
i £ a(v) be the vector space of linear forms spanned by the forms M with
12jLi,151£6,. Let M7, ... s My ) be a basis of U} . Extend it to
abasis MY,... , My, y,..., My, 5 of By, where w(v,2) =w(v, 1) if

03 = U7 . Continuing in this manner, pick
My, ..., My, whereb(v)=w(v,a(v))

such that M7y, ..., My, ., isabasisof U7 (1<i<a(v)). We have
1w, ) s 2w, a(v)) =b(v) < n

As above, let B € R® be the modified approximation polyhedron of the iorms
M} (veS, 1 £j<b(v)). We will exhibit a relation between B and B.

Let p be the linear map R? — R? with p(E) = B where B} = A'g)(v,i)
(1 £i £ a(v)). Intuitively I like to think of p as of a projection, but observe

that when w(v, i) =w(v,i+1)=--- =w(v, ! - 1), the coordinate E}j,(v’i)

gets “blown up” into the / — i coordinates g =---= B} | = Bg,(v iy

~

Lemma 4. B = p(B). In particular, B is a convex polyhedron. The constancy
principle holds: Given an open set O C R® intersecting B, given ¢ > 0 and
H > H,, there are independent points x,, ... , X, € k"\£ with B(x;) € O and
H<H(x)<HY (I=1,...,n).

Proof. In view of (4.7) we have for x € k",

(4.8) max(ILY(X)lv, .- 5 IL{ (X)lo) > max(IM{ (X)|v, - 5 My, o)(X)lo)-
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Therefore for x € k"\9M with large height H(x),

(4.9) 1BY(2) = By (@)l <e.

Note that x € k"\9 has each M} (x) # O, therefore each LY(x) # 0. But
(4.9) is the same as

(4.10) 1Bx) - p(Bx))] <e.
Suppose ﬁ € B, and set B (E) For any ¢ > 0, points x with | B( ) —
| < ¢ are dense. But then |p(ﬂ(x | < ¢ and lﬂ(x) ,B| < 2¢. We may

conclude that g € B and p(B) CB. Conversely, suppose 8 € B. We have to
show that there is a E € B with p@) = B . We first claim that

(4.11) B? =p;/ fori,lwithw(v,i)=w,]).

For if, say, i </, the forms L} , ..., L} lie in U7, so that

(4.12) max(|LY (X)lv 5 -+ » [L] (X)]o) < max(|MY(X)]y, ... 5 My »(X)]v)
< max(|Ly(X)lv, --. 5 L7 (X))

and B(x) 2 B/(x)—¢ for x € k"\M with large enough height H;(x). There-
fore a point f € B has B 2 B, and since clearly g < g7 by the definition
of B(x), we have (4.11). Define B"(x) € R® by

B/ if j =w(v, i) for some i,

X)) =4 4 o .

B}(x) if j is not of this type.
The definition of £*(x) makes sense in view of (4.11). We have p(ﬁ x)=8
and |B"(x)| £ ¢; for a certain constant ¢;. In other words, ﬂ (x) “lies in the
compact set C C R? consisting of Z with p(g) = B and |£| <q.

Points x with |(x) — B| < ¢ are dense, since § € B. For such points,

1Bio. (&) = Bato, @) = 1Bis,(X) - BYI < 2¢
by (4.9). Therefore |E(gc__) - B*(x)| < 2, and E(é) lies in the compact set
C(2¢) consisting of E—which ;-re within 2¢ of Cji.e., having |B—f| < 2¢ for
some 7 € C. By Len_lma 1, which holds, mutatis mutandis, for_Z(i) in place
of (_1_(£) , we may conclude that C(2¢) N B # @. Since this is t_rue for every
8>_0,_in fact CnE;éz, and £=p(z) for some Ee CnB.

This proves B = p(f?) . The last assertion of the lemma follgws easilx from
the last assertion of Theorem 3. For let f € B, so that 8 = p(8) with € B.
For H > Hj, there are n independent points x € k"\IM with H < H(x) <

H'*¢ and |£(é) —@ < &. Then by (4.10),
1Bx) - BI £ 18(x) - P(B))| + IP(B)) - p(B)] < 2.

Since ¢ > 0 is arbitrary, everything follows.
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Lemma 5. B consists of p € R* with (4.11), with

(4.13) nz Bz 2By, 20,
(4.14) Bawy =0 for v with b(v) =n,
and with

(4.15) >N e (T)BY £ codim T

for every subspace T of k", where (with w(v, 0) = 0)

(M= 3 L
JjEQU(T)
w(w,i-1)<jSw(v,i)

Proof. We begin with the necessity. The necessity of (4.11) has already been
shown. (4.13) follows from (4.1) and (4.2). Now B = p(B) with B € B; and

when b(v) = n, then B = B awy = Biw) = By =0, so that (4.14) holds.
Also,
e/ (T)B! = c2(T) By, i > B
JjeQ(T)
w,i-1)<jSwv,i)

so that (4.15) follows from (4.5).
Conversely, when B satisfies (4.11), (4.13), (4.14), (4.15), let E be given by

~

(4.16) B} = B} for each j with w(v, i—1) <jSw(v,i).
Then B satisfies (4.3), (4.4), (4.5), so that § € B, and g =p(B) € p(B) = B.

5. DEDUCTION OF THEOREM 2 FROM THEOREM 3

Let A be the approximation set of the forms L}, and 4’ the intersection
of A4 with the cone

(5.1) a?

1\Y
1\

Yy 20 (VES).

We will show that 4’ is a convex polyhedron in R? contained in the set (2.4),
whose vertices satisfy (2.5). The positive quadrant of R? is the union of
[1,(a(v)!) obvious cones, and by symmetry the intersection of 4 with each
cone is contained in (2.4), and is a convex polyhedron with vertices having
(2.5). Therefore it will suffice to deal with A4’.

For i,/ in 1 £1i, ! £ a(v), write i ~ | if i,/ lie in some subinterval
g £ x < h such that L} lies in %Y. Write i ~ / if there is a chain | =

lo, iy,... , =1 with [,_, X1, for z=1,...,t. Then X is an equivalence
relation whose equivalence classes consist of integers in certain subintervals of
1 £i<La(v). Clearly w(v, i) =w(v, ) implies izl
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Lemma 6. A’ is given by

(5.2) n2al2---2ak, 20,

(5.3) gy =0 for v with b(v) =

(5.4) >3 e (T)e? £ codim T
v i

for every subspace T C k", and by
(5.5) ol =af if iR

The constancy principle holds: Given an open set O C R* which meets A',
given ¢ > 0 and H > H,, there are n independent points x with a(x) € O

and H < Hi(x) < H'*¢.
Note that the only difference with B (as given by (4.11), (4.13), (4.14),
(4.15)) is that the condition (4.11) is replaced by the stronger condition (5.5).

Put differently, A’ is the intersection of B with the subspace determined by
(5.5).

Proof. We begin with the necessity. When a € A’, points x with
(5.6) la(x) —al < &
are dense. By definition, B?(x) < of(x). On the other hand, (5.1) and (5.6)

yield of(x) < of(x) + 2¢ when / < i, so that By (x) > of(x) — 2¢, and
|1B(x) - g| < 3¢. Therefore, since such points x are > dense, a € B. Thus

A’ C B. Moreover, if / 2 i and L} lies in U}, we have (similar to (4.8)),
IL} (X)ly < max(|LY(X)lv, ..., L7 (X)),
so that aj(x) 2 min(af(x), ... , af(x)) —& > o — 2¢ when x € k"\9M has
large height. Therefore aj >af - 38 “for each ¢ > 0, so that o} = aj . Thus
(5.5) holds when i = ~ [, therefore more generally when i~ /.
We now come to the sufficiency. Suppose o satisfies (5.2), (5.3), (5.4), (5.5).
We have o = p(z) with E € B. We may ch;ose E with (4.16), i.e., with

(5.7) BY =a? foreach jinw(v,i-1)<j<w,i.

It is easily seen that there is a y € B with |y ﬂl < ¢ and yj < yg for every
v,g,Jj with 1 < g < j<bw). Choose 7 in 0< # < ¢ so small that

(5.8) VY <7y —n when g <.

Given L}, let i be least such that L} € 07 ; then
w(v, i)

(5.9) L= %" oM,

j=1
and the largest subscript jo with ¢;; # 0 has w(v,i—-1) < jo £ w(v, ).
Consider points x with

(5.10) 1Bx) -3l < n/3.
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For such points, g < j yields Eg (x) > B}’ (x) +n/3 (because of (5.8)), so that
| M7 (X)) is of larger order of magnitude than |M}(x)|, , and by (5.9), |L}(x)l
is of the order of magnitude of |M} (x)|v, so that

[log|L} (x)|y — log|Mj (X)lv < c2.

Thus when H;(x) is large, |oj(x) — &} (X)| < &. On the other hand BY(x) >
By(x) > --- yields &(x) = B(x). We obtain

lod (x) - BY| < o (x) — BY(x)] + 1BL(x) - 7% + 7% — BY)|
<e+(n/3)+e<3e.

Since w(v,i—1) < jo £ w(v, i), (5.7) gives /i" = a} = o, since [ &
Therefore

(5.11) la(x) — af < 3e.

Points with (5.10), therefore with (5.11), are dense, so that indeed o € 4.
Moreover, given H > H,, there are n independent points x with H <
Hy(x)<H I+¢ and with (5.10), hence (5.11). This proves the constancy princi-
ple.

This leaves us to deal with the bound (2.5). The vertices of A’ are given
as intersections of certain linear manifolds obtained by having equality sign in
a of the equalities and inequalities (5 2), (5.3), (5.4), (5.5). Each coefficient
vector (coefﬁcxents of the a!’s) lies in Z° and has Euclidean length < n\/'
for notice that in particular

YD (TS b)) s

The determinant of the coefficient vectors is < (n4/s)? by Hadamard’s Theo-
rem, so that the solutions of the system of equations are rational with denomi-
nator satisfying (2.5).

6. Low DIMENSIONAL CASES

We will deduce Theorems 1’ and 2’. We begin with a study of the approx-
imation polyhedron when

(6.1) n=2.

First, what can we say under the hypotheses of Theorem 3‘7 We have b(v) <
2. For given v € S, either b(v) =1, or b(v) =2 and /32 = 0 by (4.4).
Therefore only the coordinates ﬂ” are of interest. We have ,B” 20, and

(6.2) z Br<2

by (4.6). We yet have to interpret (4.5) for 1-dimensional spaces T C k2. For
each v € S, the subspace MY = 0 will either not be defined over k , or will
be among a finite set of distinct 1-dimensional subspaces 71, ... , T, defined
over k. Write S=SoUS;U---USy,, where v € Sy if M} =0 is not defined
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over k,and ve€S;, 1 £/ < m,if the space M} =0 is T;. Now if T is any
1-dimensional subspace of k2,
{2} whenwv €S,
QUT)={ {2} whenvesS, 1SI<m, bt T#T,,
{1} whenveS;, 1SI<m, withT =T,.

The condition (4.5) for spaces T C k* of dimension 1 becomes

(6.3) SEs1 (=1,...,m)
vES);
Secondly, we turn to the situation of Lemma 4. Set ¢(v) = 0 when w(v, 1) =
2; otherwise let ¢(v) be the largest number with w(v, 1) =--- =w(v, t(v)) =

1. Thus if p(B) = B with B € B, then

BY=pBY for1<i<tw), and B’ =0 fort(v)<ig<a(v).
"= (BY, ..., By is of the type

(6.4) B'=(BV,...,B", 0,...,0).

= — tv) —

Put differently, the vector

=™ |

Thus B consists of g with (6.4), (6.2), (6.3).

Thirdly, consider 4’. Let y(v) be largest such that Ly, lies in 0Y. Then
by (5.5), o =a} if 1 £,/ < y(v). When y(v) > t(v), then g € A’ has
e’ = (af, ..., ap,)) =(0,...,0). Setting

_[tw) ify(v) =),
Z“)‘{o if y(v) > 1(v),
we have
(6.5) a’=(a},...,al, 0,...,0)
— z(v) —

We further have (6.2), (6.3), i.e.,
(6.6) dets2,

(6.7) Yatgt  (I=1,...,m).
vES);

Let A” be the set of {a}},ecs in R® where s = cardS, having of 2 0, with
ay =0 when z(v) =0, (6.6), (6.7). Clearly 4" is a convex polyhedron. An
extreme vertex is defined as a vertex {aj} such that there is no other vertex
{BY} having By 2 o} for each v € S. It is easily seen that the extremal
vertices of 4" are

(i) For u € Sy with z(u) > 0, the vertex ¢”(u) having of = 2, but
a] =0 for v#u.
(i) For u, g not in the same class S;, with z(u), z(q) > 0, the vertex
9"(u, q) having of =af =1,but o} =0 for v #u,q.
(iii) When Sp = @ and m = 1, for each u with z(u) > 0 the vertex " (u)
having o¥ =1, but o} =0 for v #u. o
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There is a 1-1 correspondence between extreme vertices of 4” and A’. For
example, the vertex ¢”(u) of 4" corresponds to the vertex ¢'(u) of A’ having

a“=(2,2,...,2,0,...,0)

— z(u) —
and having " = 0 for v # u. Similarly, ¢"(u, q) corresponds to ¢'(u, q)
having B B

u=(1,

[a—

]I=]

g s

— z() — < 2(g) —

and having " =0 for v #u, q.

Therefore the extreme vertices of 4’ are integer points. In a similar way one
could determine all the vertices of 4’. All of them, and in fact all the vertices
of A are integer points. This establishes Theorem 2'.

We now turn to Theorem 1’. Suppose

(6.8) n=3,

and for v €S let L}, LY, L} be linearly independent. We have to investigate
X'(3+¢) when ¢ >0, i.e., X'(p) when p > 3. Now X(p) is not dense by the
Subspace Theorem; therefore the components of X’(p) will be 2-dimensional
subspaces ¥ C k3. These spaces will have r(V) 2 p, therefore r(V) > 4,
since (V') € Z by the Corollary to Theorem 2’.

Let LY" be the restriction of LY to V', and A(V) the approximation poly-
hedron for these restrictions. Note that by f(x) > 0 in (1.4), no LY =0.
There will be a vertex a of A(V) with -

3
(6.9) Y Sal=rr)24

v =1

In fact there will be an extreme vertex with this property. Since L}, L}, L}
are linearly independent, their restrictions LY", L3V, L3V cannot all be pro-
portional, so that z(v) £ 2. The vertex ¢’(u) therefore will have (6.9) only if
z(u) =2, so that a* = (2, 2, 0). When dealing with A(V) rather than A'(V)
we have to allow permutations of the variables, so that we obtain possible ex-
treme vertices ¢ (%) (i=1,2,3) with

g“=(2, 2,0)0r(2,0,2)0r(0,2,2) andg” =gwhenv # U.

The other possible extreme vertices with (6.9) are ¢(77) (1 £ i, h £3),
having o*, o among (1, 1, 0), (1, 0, 1), (0, 1, 1), and a’'=0 when v#u,q.
Altogether, there are < 3s + 9(3) possible vertices. To each component V
we associate such a vertex. The argument in §3 shows that we have at most
35+ 9(3) components.

To obtain Theorem 1’ we have to go a little further. If the forms L} have
no zeros in k3\Q_, then their restrictions to V' do not have nontrivial zeros
defined over k either, so that S} =S (where S} is S; defined in terms of
the restrictions of our forms to V). Then vertices ¢(% /) cannot occur, and

the number of components is < 3s.
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In general, suppose ¢() is a vertex of some A(V). Then u € S§ . Also,

z¥(u) = 2, so that LY, L4 are proportional. This implies that the 1-
dimensional space R where L¥ = L% = 0 is contained in V. Thus LY
vanishes on R, and R is not defined over k since u € Sé’ . Then V must be
the only 2-dimensional subspace defined over k and containing R. Suppose
o(#) is a vertex of some A(V’'). Then also V' O R, so that V = V'. But

we can associate ¢(}) to A(V), hence do not need ¢ (7). More generally,
if we need ¢ (), then we do not need any ¢(’ 7). We now can construct a

set & of vertices of cardinality |&| < 9(3) such that every component V' of
X'(p) has a vertex a = a(V) with (6.9) in A(V)N &. The upper bounds of
Theorem 1’ follow.

We still have to show that these bounds are best possible. When k£ = Q,

s =1, consider the forms

Li=x+ay+ Bz,

Ly=a"'x+y+yz,

Ly=B"'"x+y'y+z
where a, B, y are real algebraic and such that none of L,, L,, L3 has a zero in
Q} \Q, and the three forms are independent. This is certainly true for “general”
@, B,y. Let W be the subspace z = 0; then L}V, LY are proportional but
the subspace L}’ = 0 is not defined over Q, since a ¢ Q. Therefore the
approximation polyhedron of L}, L¥ , L¥ contains the point (2, 2, 0), so
that (W) =4 and W is a component of X'(3+¢) for 0 < ¢ < 1. Similar
the subspaces U: x = 0 and V:y = 0 are components, so that we have 3
components.

When s > 1, construct maps ¥ € GL(Q, 3) such that the 3s spaces 1*(U),
(V), (W) with v € S are distinct. Set L?(x) = L;((°)"'x) where
L, L,, Ly are as above. It is easily seen that our 3s subspaces are com-
ponents of X’(3+¢) for 0 < & < 1. Note that our forms L} have no zeros in
Q’\0.

Next, again when s > 1, consider 3s rational points x?V (ve€ S, 1 £i<3)
such that any 3 of them are linearly independent. Let LY, L3, Ly be nonzero
linear forms which vanish respectively on the planes spanned by x3, x3 and
X3, x{, and x{, x3. These 3 forms are independent. Let V¥ for u # v be
the plane spanned by x¥, )__cj . By our initial assumption on the x7, these 9( ;)
planes are distinct. We will show that they have r(V/*”) = 4, so that they are
components of X'(3+¢) for 0 < & < 1. It suffices to deal with V}{’. Both
Ly, L} vanish on x}, so that their restrictions to V' = V}}{’ are proportional,
and z"(u) = 2. Similarly z¥(v) =2, and p({}) with ¢* =a" =(1,1,0)
is a vertex of A(V), so that indeed r(V) =4.

We note that Theorem 1’ can be proved more directly; all the essential
ingredients are in Vojta [5, §2].

7. “GENERAL SYSTEMS,” AND OTHER EXAMPLES

We will always assume that the forms L! have coefficients in k” . Suppose at
first that a(v) =n and LY, ..., L, are linearly independent for each v € S.
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Then YY (1£i<n)isspannedby L}, ..., L}, we mayset M =L}, and
TV = 9. It easily follows that B=B = 4'.

We will call LY,..., L, general if forany i in 1 £ i £ n and any i-
dimensional subspace T defined over k, the intersection of T with the sub-

space L} = --- = LY = 0 is {0}. This notion depends on the ordering of
L}, ..., L;. It means that when N, ,,... , N, areany n—i linearly inde-
pendent linear forms with coefficients in &, then Ly, ... , LY, N,,,... , N}

are linearly independent. In the notation of §4, we have for every k-rational
subspace 7 that g(v) = dim(TNT,) = dim% = codimT = ¢, and j;(v) =
n—c+1, j,(v)=n—-c+2,..., j.(v) =n,sothat Q*(T) ={n—c+1, ..., n}.
When T = {0}, then (4.5) as always becomes (4.6). When codimT =c¢ <n,
then (4.5) becomes

(7.1) Xy pse

vV j=n—c+l1
But in view of /?}’ 22 E},’ , (7.1) follows from (4.6). Therefore:
When LY, ..., L} is general for each v € S, then A' is given by
a2 2al =0
and
n
(7.2) Y > atsn
v j=I1
Therefore if L}, ... , L}, remain general under every permutation, 4 consists
of {a%} having
(7.3) min(a}, ... ,a}) =0 (ves)
and (7.2). In this case, r=n.
Next, suppose that a(v) = m 2 n and that any n among LY, ... , L}, are

~

linearly independent for each v € S. Then b(v) = n and p(f) = B with

g = B}’ when 1 <i<n,
' E},’ whenn £ i< m.
Call the system very general if for each v € §, any ordered set of n forms

LY,..., L], where iy, ..., i, are distinct, is general. It is not hard to see
that 4 consists of @ = {a}} such that

(7.4) for each v, atleast n —m+ 1 among oy, ... , oy, are 0,

(7.5) DD
v j=1

Again we have r=n.

Return to the situation where a(v) = n for v € S. We call our system
supergeneral, if for every k-rational subspace T of dimension ¢ 2 2, the
restrictions of the forms L? to T form a very general system (with ¢, n in

IIA

n.
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place of n, m). For example, if for given v and ¢, LY = pyjx; + - + YinXn
is such that the quantities

Yigji Vi
with 1 i, <ip <--< i <nand 1l £ j,...,J; £ n are linearly
independent over k, then our system is supergeneral. For such a system,
rHT) =t = dimT for every subspace T as above. Thus no such subspace
can be a component of X(n +¢) when ¢ >0, and X'(n +¢) = @. Therefore:

For a supergeneral system, the solutions to (1.4) lie in finitely many 1-
dimensional subspaces of k". In particular, if the forms in (1.1) are super-
general, then (1.1) has only finitely many solutions x € Z"\0.

It is easily seen that the above assertion is true also when the forms L? do
not have coefficients in kv .

We give a final example. Let Kk = Q and s = 1, so that S consists of the
archimedean absolute value. Suppose L,,..., L,_;, L,y is a very general
system of forms with real coefficients, and L, = L; +---+ L,_;. With respect
to the ordered set L, .. L,,, L,,,, we may take M1 = L1 s M, | =
L,_ s M,=L,,,,and B con51sts of n-tuples with ,81 2--28,=0 and

e B <n.Here p(B)=(Bi,... , Bac1s Bu_1, Ba),sothat &' = B consists
of a=(ay, ... , ans1) with

(76) a2 ~~ga,,_| = Qy ganH =0 and a;+- -+ ay_ < n.

The situation is similar for any ordering of L,, ... , L,,; where L, is last.
But with respect to the ordered set L,,... ,L,_y, Ly, L,, we may again
take M, = L,,... ,My_y,=L,_,, M, = L., and B is as before. This
time p(E) = (ﬁl yeen s ,E,,, /?,,) so that A’ consists of o with a; 2--- 2 a, =

any1 =0 and o + -+ ay—; £ n. The situation is 51m11ar for any orderlng
where L, is not last.

The point a; =--- =a, =n/(n—-1), ayy; =0, is a vertex of (7.6). Here
o)+ +apy =n%/(n—1). It is now easily seen that r = n2/(n—1).

8. THE DEPENDENCY ON S AND ON k

This section may be omitted at first reading. We assumed that the coefficients
of our linear forms were in a number field K and that |-|, for v € M(k) was
extended in some way to K. We may replace K by an algebraic number field
containing it, in fact by the field Q? of algebraic numbers. Therefore the field
K isirrelevant. For the rest of this section, |:|vex for v € M(k) will be a fixed
extension of |-|, to Q. Now f(x) is defined in terms of |- |vex .

We next wish to partially eliminate the dependency on S and k. Let E
be a finite Galois extension of Q containing k and the coefficients of the LY .
The extensions of v € M (k) to absolute values w € M(E) are given by

(8.1) €l = 10(E)lvex ,

where o runs through Gal(E/k). Let Sg consists of w € M(E) which are
extensions of some v € S (in symbols: w | v). When w € Sg with w | v, set
a(w) = a(v).

Let Ep be the smallest Galois extension of Q as above. For w € Sk, , pick
some g € Gal(Eg/k) such that (8.1) holds, and set LY = ¢~ !(LY), i.e., 07! is
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applied to the coefhicients. There is some arbitrary choice here. We get forms
LY (weSg, 12iLa(w)).

When E is an arbitrary Galois extension as above and u € Sg, there is a
unique w € Sg, with u|w. Set L} = LY. We get forms LY (ue€ Sg, 1 £
i < a(w). For x € MO put A4(x) = |LX@)l/Ixle (€ Sg, 1 <75 a(u)
and

a(u)
fe@ = ] [T @)™,
u€eSg i=1
where d, is the local degree of E at u.
For x € k"\0 and w € Sg, where w|v, v €S, with (8.1),

|£|w = |£|v and |L;U(§)|w = |U(L;U(§))'vex = |L}J()=C)|vex-

More generally, for u € Sg and v | v, v € §, we have |X|w = |é|,, and
|IL¥(X)]u = |LY(X)lvex » therefore A¥(x) = 4}**(x) . Since Y, du = [E : k]dy,

fe(x) = f(x)E K.

Also, if x € E"\Q where Q C k C E C F with E, F Galois extensions as
above, then

Jr(x) = fe(x)F B
Therefore it is permissible to define

Jabs(x) = (fe(x))/E:Q
for x € (Q%)"\Q, where E is any Galois extension as above, which contains
the coordinates of x . The relation
Jabs(X) < H(X)77,

where H is the absolute height, is now well defined. For x € k"\0, this relation
is the same as (1.6). - B

When constructing the modified approximation polyhedron B in §4, it mat-
tered how the spaces U? were constructed in terms of kv, and therefore v
really mattered. Now consider the same construction Bg of the forms LY
(we Sg, 1 £1i=Za(v)), and for points x € E"\Q. Here the w-adic comple-
tion of E in E is FE itself, and therefore the nature of the absolute values w
does not matier for Bg or for Ag.

Suppose now that L}, ..., L} are linearly independent forms with coeffi-
cients in k. Let Xg(n +¢) consist of x € E" with
(8.2) Jabs(X) < H(x)™""".

Then X, (n+é¢) C Xp(n+e) CY, where Y is a finite union of proper subspaces
of E”, which does not depend on the absolute values v € S.

Conceivably, the number of components of Xj(n + ¢) might increase to
infinity as E increases. But we will see that such a calamity cannot actually
happen.

Let us return for a moment to the proof of Theorem 1. Write v ~ u if a(v) =
a(u) and the tuples LY, ..., L ) and LY, ..., LZ(u) are the same. In the

v
a(v

characterization of A’ in §5, the components a? occur only in blocks Y-, oY,
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where the sum is over v in a given equivalence class. Pick some representative
v in each class. If there is a vertex a € A4’ with ) >, a} = r, then there
is also a vertex which is special in the sense that o) = 0 when v is not the
representative vy in its class. We are then reduced to points in a polyhedron
of dimension Zvoa(vo) = ap, say, where the sum is over representatives vg

of the classes. In analogy to (3.2), we get < (n)?% vertices, where ¢ is the
number of equivalence classes. Thus the number of components of X'(p) is
< (m)zag < (m)2n2t2 < 2’

The forms LY, ... , Ly with w € Sg are obtained from the forms L7, ...,
LY (v € S) by conjugation, so that there are at most s[K : Q] such n-tuples,
where K contains the coefficients of the LY. But in A the ordering of each
n-tuple matters, and we may get < n!s[K : Q] distinct ordered tuples. We
may apply what we said above with ¢t = n!s[K : Q]. Therefore the number of
components of X (N +¢€) is

(8.3) < 22Anenis[K : Q1)

The following is easily seen. Suppose to each number field £ we associate a
closed set Cg C (Q%)" with at most ¢ components (so that it is the union of at
most ¢ subspaces of (Q%)"), and having Cr C Cr when E C F. Then there
is a field Fy such that Cg C Cp, for every field E . We obtain

Theorem 4. There is a closed proper subset Y C (Q%)" with at most (8.3) compo-
nents such that for any ¢ > 0 and any field E containing k and the coefficients
of the forms LY, and where E|Q is Galois,

Xg(n+e)CY.

Thus for any such field E , the solutions of (8.2) lie in Y, with the exception of
points in a finite number of 1-dimensional subspaces which may depend on E
and on ¢.

9. SOME LEMMAS

Lemma 7. Let v € M(k) and k, the completion of k with respect to v. Then
the algebraic closure k2 of k in k, has [k3 : k] = oo.
Proof. This is well known.

Write [k : Q] = d, and d = r| + 2r,, if there are r; real embeddings
x — x®» (1 £i<£nrn) of k into C, and r, pairs of complex conjugate
embeddings x — x| x — x(+72) for ry <i<r +r;. Put

wix)=(xW, ..., xM, Rex" D Imxn*tD . Rex("+72)  Imx(ntn)),

where Re, Im denote the real and imaginary part, respectively. As x runs
through the ring Oy of integers of k, then w(x) runs through a certain lattice
of RY. Given x = (x1, ... , Xp) € k", set y(x) = (¥(x1),... , ¥(xn)) € R™.

As x ranges through OF, then y(x) runs through a lattice in R"™ .

Given a set S C M(k) as described in the Introduction, let Sp, So respec-
tively consist of the nonarchimedean and the archimedean absolute values in S .
(This supersedes the notation Sy of §6.) Then S., contains all the archimedean
absolute values.
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Lemma 8. Suppose for each v € Sy we are given linearly independent linear
forms M?, ..., MY in n variables with coefficients in k,. Suppose we are
given real numbers C} with 0 < C} <1 (ve€ Sy, 1 <j<n). Thenas x
runs through the points of O} having

(9.1) M@, SC] (eS, 1<j<n),

the points y(x) will run through a lattice A C R™ of determinant

n
detA »< [ [TchH.
vESy j=1
Here the constants in ><« may depend on everything except the C}’ . The
routine proof will not be carried out here.

Lemma 9. Suppose that for each v € S, we are given linearly independent
linear forms MY, ... , M} in n variables with coefficients in k,. Suppose we
are given real numbers C? with 0<CY <1 (V€Sw, 1 £j<n). Then
X € k™ will satisfy

9.2) M@l SC) (V€Sw, 1S/ Sn)

ifand only if w(x) lies in a certain convex set & C R™ of volume

n
volg>< [ J](Cc))®.

V€S j=1

Again the proof will be omitted.

10. THE NECESSITY OF THE CONDITIONS IN THEOREM 3

We now begin with the proof of Theorem 3. From now on, for convenience,
we will write g7 for ﬁ}’ and B for B. Our aim here is to show that BE€B
necessarily satisfies (4.3), (4.4), (4.5). N

By definition, B}’(_;_) > ﬂ}’ﬂ(_i_) , so that in fact gy 2 .-- 2 [f};(v) for g €B.
Further uj(x) < 1, therefore of(x) 2 —c/log Hi(x) for x € k"\9M (recall
that 9 consists of x having some M} (x) = 0 or having Hy(x) < e), which
gives BY(x) 2 —c/log Hi(x) and B} = 0. Thus (4.3) is established. When
b(v) =n, max(|M?(x)|v, ... , IMy(X)|v) > |x|v, so that

max(uj(x), ... , dp(x)) > 1

and B;(x) < ¢'/log Hy(x) for x € k"\9M, and therefore f; = 0. This estab-
lishes (4.4).

It remains for us to deal with (4.5) for a given subspace T . Since, as noticed
above, (4.5) is an empty condition when T = k", we may suppose that ¢ =
codim 7T > 0. Recall that ¥ was the space of linear forms vanishing on T ;
let X;,..., X, be abasis of T. Write X(x) = (Xi(x),... , Xc(X)), so that
X — X(x) isalinear map k" — k. Pick linear forms N}, ... , N;,’(v) such that
Ny isabasisof TNTY ), that N7, Ny isabasisof TNTY  , etc. Then N} is

Ji(v) 2
a linear combination of M}, ... , M Further N7, ..., Ng(v) are linearly

v
Ji(v) *
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independent linear combinations of Xi, ..., X, so that N7 (x) = N*(X(x)),
where N/ is a linear form k¢ — k, and the forms N}", ..., N;’Zm are linearly
independent. Writing X = X(x) for short,
IN (Do = [N/ (X) o < max(|M] (X, .- [M} (X))
= |x|y max(uj(x), ... , #}},-(v)(=))

= Iélka(é)_ﬂ(i’v’é)/du >
where B(i, v, X) = B} ,(X).

Points x with X(x) =0 are not dense. When X = X(x) # g, then |X|, <

|x|v , and in fact |X|,, |x|,, for all but finitely many v, and H (X)) < Hk(é)
Setting v} (X) = |N™(X | /1X|, we obtain

‘U

]UIH X))do<<Hﬁ((|'_2|1v) Ha()™? ,)

i=1 v =1

cdy

because of g(v) < ¢, where

8(v)

(10.1) )= Y Bl,v,x) Z{; Bw@=3 > B

v =1 v jeQ(T)
Therefore

T TT @) < (P ) )2

v =1
By the Subspace Theorem, applied to the linear forms N/¥ in ¢ variables, the
left-hand side here is > H(X)™“% except for a set of X € k¢ which is not
dense. Therefore, except for a set of x € k¢ which is s not dense, the left-
hand side with X = X(x) is > Hy(X)~ AU Hy(X)~“H(x)~¢, and therefore
B(x) <c+2e. We may conclude that ﬂ € B has (4.5).

11. SOME REDUCTIONS

To finish the proof of Theorem 3, in particular to prove the sufficiency of the
conditions (4.3), (4.4), (4.5), we begin with some reductions. Let B € R® lie

in the polyhedron P given by (4.3), (4.4), (4.5). Any open neighborhood of B
will contain some cube -

(11.1) |£—£|<s.
It will suffice to show that points x with f(x) in this cube are dense, and that

for H > Hs(e) there are n independent points x with H < Hy(x) < H 1+
and with B(x) in this cube.

The point B in particular satisfies (4.6).

First Reduction. We may suppose that (4.6) holds with equality. To justify this
claim, pick w € M(k), w ¢ S, and set S* = SU {w}. Set b(w) =
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and let M}’ be a linear form with coefficients which are algebraic and linearly
independent over k , and which lie in &, . Such a choice is possible by Lemma 7.
By enlarging K if necessary, the coefficients will lie in kY C K. Let E* ={ /3}’}

be the same as f, but with an extra component B} chosen such that

b(v)

(11.2) Y>> B=n

veS* j=1
Then B}* 2 0 by (4.6).
Lemma 10. B* lies in the polyhedron P* in Rb*! given by (4.3), (4.4), (4.5),
but defined in terms of S* and the forms M} with veS*, 1<j<bv).
Proof. All we have to check is (4.5). When T = {0}, we have QY(T) =

{1,...,b(v)} for each v € S*, and (4.6) with the sum over v € S* holds
with equality by (11.2). When T # {0}, we will see below that
(11.3) QY(T) = @.

Therefore the sum in (4.5) is the same whether extended over v € S or € S*,
so that g € P implies p* € P*.

We yet have to establish (11.3). If it were false, then Q¥ (T) = {1} (for it is

asubset of {1,...,b(w)} ={1}). Then M}’ would be a linear combination
of ¢ < n linear forms Fj, ..., F. defining the k-rational space 7. There
is a point x € k"\0 with F,(x) =0 (i=1, ¢), therefore M’(x) =0,

contradicting the linear independence of the coeﬁicmnts of M} over k . This
proves the lemma.
Define é*(é) like B(x), but with an extra component }’(x). Now if

| ﬁ*(é) - E*_l < &, then a Jortiori |B(x) — B| < ¢. The First Reduction follows.
Second Reduction. We may suppose that b(v) = n for each v € S. For
if b(v) < n, augment M7, ..., Mg’(v) to get n linearly independent forms
My, ..., My with coefficients in k. Let B° = {B;”} with B” = B? when
1 <j<b(v), and B;¥ =0 when b(v) < j < n. All we need is

Lemma 11. B° lies in the polyhedron P° C R*" given by (4.3), (4.4), (4.5), but
defined in terms of the linear forms M} withveS, 1Sjsn.

Proof. Since (4.3), (4.4) are obvious, it remains for us to check (4.5). We
have to show that (4.5) remains valid if the sum, rather than over Q¥(T), is
extended over Q°Y(T), where Q°Y(T) is defined in the obvious way. Observe
that Q°Y(T) is obtained from QY(T) by possibly adding some integers j >
b(v). But B} =0 for such integers ;.

12. COMPLETION OF THE PROOF OF THEOREM 3

Let B € P, i.e., suppose (4.3), (4.4), (4.5) hold. We may suppose that each

b(v) = n, and that (4.6) holds with equality. For Q > 1, consider points
X € O} with

(12.1) IMY(xX)l, SQ7F%  (veS, 1£j<n).
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As x runs through these points, y(x) runs through a lattice A C R" . Further
(12.2) IM} (x)ly £ QWAHID (v €Sy, 1£j<n)
holds if ﬁ(é) is in a certain convex set £ € R™ . By Lemmas 8, 9, by (4.6),
and since

(12.3) Y d,=d,

V€S
we have
vol &/ det A > Q_Ev 2, B 2> 1.

Let my, ..., my; be the successive minima of & with respect to A. By
Minkowski’s Theorem,

(12.4) My Mg < 1.

Lemma 12. m; > Q=% when Q > Qy(€).
Proof. When m; < Q¢ there is a point x € Of\0 with (12.1) and with

(12.5) 1M (X)]y S Q"B (y €Sy, 1<)

Such points have |x|, <1 when v is nonarchimedean, |x|, < Q(/4)~¢ when
v is archimedean, therefore

(12.6) H(x) < 0"* £ Q.

Let T be a subspace of k" with dimT =t > 1. Recall the definition of
QV(T). Since now b(v) = n, we have |Q¥(T)| = g(v) = ¢ = codimT. The
complementary set ®¥(7T) has |®Y(T)| = n —c = t. Observe that by equality
in (4.6) and by (4.5),

-2 > /31+Z Yo o d((l/d)-e)=) Y B -n+t-tde< -

vES je®V(T VESo jJEDY(T) vES jeQU(T)
Therefore x € OF\0, x ¢ M with (12.1), (12.5) has

(127 T II w@)® <o~ ][] Ixlh' £ 0 *He(x)™" < Hi(x)™"".

vES jedV(T) vES

The restrictions to 7 of the forms M} with given v and j € ®(T) are
t =dim T linearly independent forms. By the Subspace Theorem, points x € T
with (12.7) cannot be dense in T . -

Let Z be the set of points x € O} with (12.1), (12.5) for arbitrary Q. We
have seen that Z N T is not dense in T . Therefore by Lemma 2, T cannot
be a component of Z. Therefore the only possible components of Z are of
dimension 1. When dim7 =t = 1, we still get (12.7). When dim T = 1, then
®°(T) indexes precisely the forms M? which do not vanish on T . Therefore
when x € T'\Q, the left-hand side of (12.7) is # 0, so that (12.7) cannot happen
when Q > Q(e).

From (12.4) and Lemma 12, m,; < Q"¥*~¢. Since ¢ > 0 was arbitrary we
have m,; < Q¢ when Q > Q;(¢). There are nd linearly independent points
yxi) (i=1,...,nd) in AN (m,eR). Among Xx;, ..., X,z there must be
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n linearly independent points; say x;,... , X, are such points. Each of these
points lies in O} and satisfies
(12.8) |M} (x)ly < @Q Wi/ &/die (y e S, 1< j<n)

where as in §3, A, =1 when v € M (k) = S, and A, = 0 otherwise. These
points have |x|, £ 1 when v is nonarchimedean, |x|, < Q(/9*¢ when v is
archimedean, therefore

(12.9) Hy(x) < Q'

Lemma 13. Consider the set of points x € O} which satisfy (12.8) forany Q > 1.
(a) The subset of points for which one of these ns inequalities holds with an
extra factor Q=24"s¢ on the right-hand side is not dense in k" .
(b) The subset of points with H(x) < Q1-34’nse s not dense.

Proof. (a) From (12.8), equality in (4.6), and (12.3),

H H(uy(é))du anss H lxl—nd., < anser(é)—n'

veSs j=1 ves
If we had an extra factor Q—24"s¢ | this would be
< QM H(X) ™ < Hy ()T ereel 1+
by (12.9). In view of the Subspace Theorem, such X € k" are not dense.
(b) By part (a) we may suppose that
MY ()l 2 Q- /A t/dte-2inse (y e 5 1< j<n).
Applying this with j = n and observing that B, = 0, we obtain |x|, >
Q/d)+e=2dnse | go that by (12.8) and equality in (4.6),
w(x) < Q8 1d)+2dnse.
and

H H(‘uj l v & Q—n+2d2n2s2£

veS j=1 -
By the Subspace Theorem, solutions with H(x) < Q1‘3“'2"‘28 are not dense.

Let Ty, ..., T; be proper subspaces of k" containing the exceptional points
X described in Lemma 13.

The proof of Theorem 3 is now completed as follows. For Q > Q,(¢) pick
linearly independent points x;, ... , X, in D} satisfying (12.8) with ¢/3 in
place of ¢. Consider points

X=uX + - +uUx, With w,€Z, 15u;<QP(i=1,...,n).

When Q is sufficiently large, most of these points will be outside T}, ... , T;,
and outside any other given finite collection of proper subspaces. When Q is
large, they will satisfy the right hand inequalities in

Q-(ﬁ}’/d,,)-}»(A.,/d)-—Zdnse < IM;”(;)Iv < Q—(ﬂ}/du)+(A.,/d)+s weS, 1<j<n).
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Since they lie outside T, ..., T, they will also satisfy the left-hand inequali-
ties, and they will have

(12.10) Q¥ B (x) < Q'+

here we used also (12.9). Further |x|, >< max(|M} (x)|y, ... , My (X)]y), so
that
Q(Au/d)—2a'nse < |x]y < Q(A,,/d)+e (ves),

and
Q—(ﬂf/du)——Sdnss < :uj)(é) < Q—(ﬂj‘-’/d.,)+3dnse‘

In conjunction with (12.10) this yields
la¥(x) - B/l <ce  (veS, 1£j<n),

where ¢; = ¢;(d, n,s). Since B} (x) = min(ej(x), ... , aj(X)), and B} =
min(By, ... , B}) by (4.3), we obtain |B7(x) - Bl <ce, e,

1B(x) - Bl < cie.

Since ¢ > 0 was arbitrary, and since points x with this property do not lie
in any given finite collection of proper subspaces, f is in fact an approximation

point. As for the constancy principle, given H and small ¢ > 0, pick Q with
Q'-3¢*ns% = [ ; then (12.10) yields H < H,(x) < H'¥¢ .
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